A novel mathematical model, based on transport through porous media, for simulating numerically the spatial and temporal gas-diffusion process within the alveolar region of the lung is discussed. The model depends on a representative physical property of the alveolar region termed the effective diffusivity, a function of the diffusivity, solubility, morphology and interface topography of each alveolar constituent. Unfortunately, the direct determination of the effective diffusivity of the alveolar region is impractical because of the difficulty in describing the internal geometry of each alveolar constituent. However, the transient solution of the macroscopic model can be used in conjunction with the lung-diffusing capacity (measured in a clinical setting) to determine the effective diffusivity of the alveolar region. With the effective diffusivity known, the three-dimensional effects of red blood-cell distribution on the lung-diffusing capacity can be predicted via numerical simulations. The results, obtained for normal (random), uniform, center-cluster, cornercluster, and several chain-like distributions, reveal a strong relationship between the type of red-cell distribution and the lung-diffusing capacity.
Furthermore, for each of those distributions, the effect of particle concentration on the lung-diffusing capacity was investigated.
Based on the results obtained by means of numerically solving the transient equations that mimic the single-breath test, volume visualization has been used for rendering the time-dependent model of the respiration process. Several video files for different RBC distributions have been created for this presentation. The streaming video version of them is available on-line at http://www.ntu.edu.sg/home/assourin/ Scivi.htm.
Human respiratory system
Energy, necessary for the cells reproduction, growth, and survival, is produced in the course of biochemical reactions, otherwise known as metabolic activity. A typical example of such a reaction is the biochemical reaction of cellular respiration C 6 H 12 O 6 (Glucose) + 6O 2 (Oxygen) → 6CO 2 (Carbon dioxide) + 6H 2 O (Water)
+ Energy
As we can see, oxygen is an essential component in order for cellular respiration to proceed. On the other hand, one of the byproducts of the reaction is carbon dioxide -a highly toxic gas. Thus, in order for our organism to survive, oxygen must be delivered to each cell, whereas carbon dioxide must be removed.
The medium that delivers oxygen to every cell in the human body is blood, and it is blood that carries with it carbon dioxide, produced in the course of cellular respiration.
The respiratory system is exactly where the blood becomes enriched by oxygen and carbon dioxide (together with other toxic gases) gets transferred from the blood to the atmosphere. The main function of the human respiratory system, therefore, is to provide the blood with the amount of oxygen sufficient to conduct the cellular combustion process (respiration) together with removing toxic gases (mainly CO 2 ) from the blood.
Humans have two lungs, right and left, divided into three and two parts (lobes), respectively. The right lung is divided into superior, middle, and inferior lobes. The left lung, divided into superior and inferior lobes, is generally a little smaller than the right lung because it shares part of the thoracic cavity with the heart (cardiac notch). A schematic of the human respiratory system is presented in Fig. 1 .
The lungs are supported in the human body by the back-column, the back muscles, the muscles of the nape of the neck, and the diaphragm. Protected by the rib-cage, the lungs are surrounded (separated from the rest of the body) by a double-membrane called pleura. The flexible outer membrane of the pleura follows the expansion and contraction of the thoracic cavity during respiration. The inner membrane is connected to the outer membrane through an interstitial liquid. Negative pressure within the interstitial liquid keeps the lungs from collapsing.
The respiratory process of inhaling (and exhaling) air is controlled by a voluntary control center in the frontal cortex of the brain. Involuntary control takes over whenever the voluntary center fails (like when one tries to hold a breath for too long). The breathing process is commanded by the diaphragm (by contracting, moving downward) and by the external intercoastal muscles between the ribs (by contracting they pull the ribcage upward and outward). Expansion of the thoracic cavity, and also of the lungs, creates a depression inside the openings of the lungs, pushing air into the lungs. During exhaling, the external intercoastal muscles and the diaphragm are relaxed, the volume of the thoracic cavity decreases, increasing the intrapulmonary pressure, pushing the air out of the lungs. It is the elastic characteristic of the lung tissue that allows the lung volume to increase and decrease during normal respiration.
The respiratory process is periodic with roughly 12-15 cycles per minute. Generally, more time is spent during exhaling (3 s) than during inhaling (2 s). Women's lungs hold on average 5.5 liters of air. Men's lungs on average can hold 7.5 liters of air. Other physical characteristics affecting lung volume are age and height (not weight!). Lung volume is measured by a spirometer. There are different measurements: tidal volume (TV), measured by breathing normally (average 500 ml); inspiratory reserve volume (IRV), the maximum air volume one can breath in following a normal inhalation (average 3000 ml); expiratory reserve volume (ERV), the maximum air volume one can breath out following a normal exhalation (average 1200 ml); residual volume (RV), air volume left in the lungs to keep the alveoli inflated even after maximum exhalation (average 1200 ml). Another important parameter is the vital capacity (VC), or the maximum air volume exhaled following a maximum inhaling (average 4700 ml). In general, VC = (IRV + TV + ERV). The average oxygen consumption is about 24 dm 3 /h. (Shields, 1994) .
The tissue, a stable structural framework, forms a barrier between air and blood. From a functional viewpoint, the organization of the lung may be defined in relation to the hierarchy of airways and blood vessels, from the trachea down to the alveoli in the gas region, and from the main stem of the pulmonary artery through the capillary network to the pulmonary veins entering the left atrium in the blood region.
The incoming airflow, moving down through the trachea (generation z = 0, Fig. 2 ), splits into two bronchial tubes (the primary bronchi, generation z =1, Fig. 2 ), one for each lung. The bronchial tubes are highly elastic and are surrounded by smooth muscle to allow for constriction and dilatation. They undergo a series of bifurcations into smaller tubes as the air enters deeper into each lung. The first of these bifurcations is to divide and send the airflow to each lung lobe through the secondary bronchi. When the bronchial tubes attain diameters smaller than one millimeter, they are then called bronchioles (BL, generation z = 4). The terminal bronchioles (TBL, generation z = 16) limit the conductive zone (no gas exchange) of the respiratory tract. The conductive zone is followed by a transition zone with respiratory bronchioles (from generation z = 17 to z = 19) and a respiratory zone (from generation z = 20 to z = 23) with alveolar ducts and alveolar sacs.
Convection versus diffusion
The number of bifurcations and the reduced cross section of the flow passage hinder convection as a gas-transport mechanism at the alveolar level. In fact, the effective diameter of the air ducts can be estimated as d z = d 0 2 −z/3 , where a characteristic d 0 (diameter of the trachea) is on average equal to 1.8-2.5 cm. Therefore, the predominant gas-transport mechanism in the alveolar region is by diffusion. This can be shown by the use of a simple reasoning that involves application of the mass-conservation principle to the flow trough the respiratory ducts.
Indeed, it follows thatV
whereV is the rate of the volumetric gas uptake (flow rate) through the respiratory system; u is the average velocity value over the cross section A; and indexes 0 and n refer to the trachea and n-th generation of the trachea-bronchial system, respectively. The coefficient 2 n shows the number of air ways (tubes) in the corresponding generation. Now, assuming that all airways are of a circular cross section (A n = πd 2 n /4) and taking into account that d n = 2 −n/3 d 0 , it becomes possible to deduce a power law governing the velocity decrease, i.e.,
In other words, the velocity decrease follows the same power law as the decrease in diameter of the airways. Yet, from this, it becomes possible to draw a more important conclusion about how the diffusion process competes with convection in the respiratory system. Recall the definition of the Reynolds number, based on diameter, namely: Re = ud /ν, where ν is the kinematic viscosity of air. Upon substituting eqn. (2) together with the diameter power law into this definition, a power law for the Reynolds number easily follows as
where indexes n and 0 refer, as usual, to the n-th generation and trachea, respectively. Consider now the process of convection taking place with speed u. In order to propagate at a certain distance δ such a process will require a time given by
On the other hand, the transport process by diffusion will require
to propagate at the same distance. According to the least action principle, among the two transport processes, the one is preferred that requires less time to propagate at a given distance. Thus, if t conv is less than t diff , transport by convection is preferred. If, however, the time span required by diffusion is shorter, the diffusion will be the dominant transport phenomenon. Consequently, in the case when t conv and t diff are of the same order www.witpress.com, ISSN 1755-8336 (on-line) of magnitude, both processes will be of equal importance. Equating the right-hand sides of eqns. (4) and (5) and cancelling out δ, we obtain a criterion for choosing between the two ways of transport:
which is nothing other than the requirement for the Reynolds number to be of the order of unity. In other words, the Reynolds number may serve as an excellent criterion for showing the state of competition between the two transport processes: if Re 1, diffusion is negligible and convection fully dominates; on the contrary, if Re 1, diffusion becomes dominant with convection nonexistent. It is clear that convection fully dominates mass transport in the upper airways. What is interesting to establish is where transport by convection becomes of the same intensity as the transport by diffusion. This can be achieved by requiring
in eqn. (3) . Consequently, upon taking the logarithm of eqn. (7) and rearranging the terms, it follows that n = 3 2 log 2 Re 0 ≈ 2.164 ln Re 0 ,
which provides us with an estimate of the generation number at which diffusion becomes of the same importance as convection. Thus, for instance, if the value of the Reynolds number in the trachea equals the critical value for a circular pipe, that is, Re 0 = 2300, it follows from eqn. (8) that n = 16.75. This conclusion is in amazing accord with anatomical data: look at Fig. 2 -the seventeenth generation marks the beginning of the transition and respiratory zone! Moreover, due to the nature of the logarithmic function, the conclusion holds for quite a wide range of Re in the trachea, namely: 2000 ≤ Re 0 ≤ 4100. The respiratory system as a whole is designed in such a way that even huge Re in the trachea (41 000) will be "laminarized" at the twenty-third generation. [Note that Re 0 = 41 000 corresponds to the volumetric gas uptake of about nine litres of air per second or the average velocity in the trachea of 35 m/s (126 km/h).]
Alveolar gas exchange: the balance of mass
We focus our attention on the most important zone of the lungs for the respiration process, namely the alveolar region, because it is in this region that most of the gas exchange takes place. Data from morphometric analysis of fixed lungs indicate the gas region to be the largest compartment of the lungs, of which about two thirds is contained by the alveolar region. Only a small fraction of the total lung gas region is occupied by the conductive airways -representing the anatomic dead space. The alveolar region, Fig. 3 , is a maze linking round-shaped chambers called alveoli (plural of alveolus). Each alveolus occupies a volume of less than 0.05 mm 3 . The alveoli are the units ultimately responsible for the gas exchange between the exterior of the human body and the blood. It has been estimated that the lungs contain 300 million alveoli, providing an immense surface area of 70 m 2 -about the size of a handball court -for the exchange of gases. The alveolar membrane (the tissue through which the gas diffusion takes place) is extremely thin, about 0.5 µm only. This thinness enables fast gas exchange. An important constraint that follows from the conservation of mass principle is the requirement to match the amount of gas delivered to the region of the gas exchange (respiratory zone) with the amount of gas diffused into the blood.
The mass of the gas (oxygen) diffused into the blood is
where j is the mass flux of the gas, A is the total area through which the gas exchange (diffusion) takes place, and t in is the duration of the inhaling phase of the respiratory cycle. The mass flux, in its turn, can be written as (Fick's law)
where D eff is the effective diffusion coefficient of the alveolar region, C is the concentration difference across the distance δ through which the diffusion process takes place. We already know (see eqn. (5)) that this distance can be represented as www.witpress.com, ISSN 1755-8336 (on-line) δ = √ D eff t in . Upon substituting this into eqn. (10) , the mass flux of the diffusing gas becomes
Combining this result with eqn. (9), we obtain
Finally, the mass-transfer rate averaged over one breathing cycle,ṁ = m/ t, iṡ
To make this mass transfer possible is the main function of the respiratory system.
Effective diffusion coefficient
We have now to understand the meaning of the effective diffusion coefficient, D eff , used in eqn. (13) . Consider a micrograph of the alveolar region (Fig. 4) . We can see that the domain of our interest (alveolar region) consists of several constituents: the alveolus or gas region (a), the alveolus membrane (m), the interstitial fluid region ( f ), the capillary membrane (c), the plasma region ( p), the red blood cell membrane (r), and the red blood cell interior (h). Moreover, the geometry of the domain is very irregular (complex) such that it is impossible to describe the boundary separating the constituents by means of equations -a fact crucial for our forthcoming analysis.
The random-walk model is a common means for representation of the diffusion process. A particle (traveller) moves randomly in a domain whose characteristic size (radius) is R. The movement (travelling) takes place by the particle making discrete jumps of length δ each within the duration of a single jump equal to τ. The distance, r, the particle has travelled from an arbitrary origin within the domain during time t can be estimated as r = (2Dt) 1/2 , where D is the diffusion coefficient and is defined as D = δ 2 /τ.
For a given travelling (diffusing) agent, each homogeneous medium is characterised by a unique value of the diffusion coefficient. If the medium is heterogeneous, each of its constituents (as is exactly the case within the alveolar region) will have its own value of diffusion coefficient. Yet, one still is able to measure the time necessary for the particle to travel a distance r from an origin. Then, a global parameter -called the effective diffusion coefficient -can be defined as D eff = r 2 /2t. This parameter incorporates the entire travel history of the particle. The task now is to relate the value of the effective diffusion coefficient to the values of the diffusion coefficients of each constituent forming the heterogeneous medium.
It has been already mentioned that, from the microscopic point of view, the diffusion coefficient of the i-th constituent can be defined as
Here it is assumed that the duration of a single jump, τ, remains the same for all the constituents, but each constituent is characterised by the different length of that jump, δ i .
Consider now the particle travelling in a heterogeneous medium for a time span long enough for the particle to find itself at the characteristic size of the domain, R, from the origin. Because all the jumps are of the same duration, the mean (effective) length of jump is given by
where N is the number of constituents with N − 1 boundaries between them; M is the total number of jumps performed in the course of travelling; w i is the probability of the particle to be found within the i-th constituent; and w j is the probability of the particle to be found crossing the j-th boundary. This can be further written as
taking into account that the probability w i equals the volumetric content of the i-th constituent within the domain, obtain an expression for the effective diffusion coefficient,
The difficulty in estimating the effective diffusion coefficient now becomes obvious. The second term in the right-hand side of eqn. (16) depends on the time spent by the particle on crossing the boundaries between the constituents. Yet, if the constituents are randomly distributed -which is exactly the case within the alveolar region -it is not possible to definitely describe the boundaries and hence determine the time spend on travelling across them. (See Appendix A.)
Lung-diffusing capacity: single-breath test
The lung-diffusing performance (efficiency) is characterized by the parameter called the lung-diffusing capacity, D L . The lung-diffusing capacity is measured by physicians as the result of the so-called single-breath test. This test is conducted as follows: the patient is to inhale air with a known content (partial pressure) of carbon monoxide (CO), P CO (0) ; the patient is then requested to stop breathing during, say, 25-30 s; after that the patient exhales and the content (partial pressure) of CO, P CO (t) , is measured in the exhaled air. The time, t, during which the patient allowed CO to be diffused through his/her alveolar region is called the duration of the single-breath test. The lung-diffusing capacity is computed as
where the alveolar volume V A is considered equal to the inspired volume plus the residual lung volume. The reference pressure, P ref , in eqn. (17) is usually chosen as the total pressure of dry gases (equal to 9.51 × 10 4 Pa, or 713 mmHg). The reason why carbon monoxide (CO) is used as the test gas in the single-breath test is that that CO has an affinity for hemoglobin that is about 210 times greater than that of oxygen. Thus, in patients who have normal amounts of hemoglobin and normal ventilatory function, the only limiting factor to the diffusion of CO is the alveolar-capillary membrane. In fact, in the course of the alveolar diffusion, a red blood cell can be viewed as an infinite sink of CO. We shall use this circumstance as we model the process of the alveolar diffusion numerically.
Under normal conditions, the average value of D L for the resting male is 25 ml of CO/(min mmHg). This value is slightly lower in females, presumably because of their smaller normal lung volumes. The lung-diffusing capacity may increase threefold in healthy subjects during exercise. The D L generally decreases in response to lung disorders that affect the alveolar-capillary membrane. The most common of such disorders are emphysema (alveolar-capillary destruction), pneumonia (alveolar consolidation), fibrosis (thickening of alveolar wall), atelectasis (alveolar collapse), and edemas (interstitial and pulmonary).
Relationship between effective diffusion coefficient and lung-diffusing capacity
We shall show now that the lung-diffusing capacity is directly proportional to the effective diffusion coefficient of the alveolar region. Consider a certain volume V of the alveolar region with representative dimension d , where d is much smaller than L (the characteristic length of the alveolar region within the lung), much larger than d a (the characteristic alveolus dimension inside V ) and t c (the characteristic capillary bed thickness inside V ), and much larger than t r (the characteristic red blood cell membrane dimension).
As defined, V is a representative elementary volume (REV) of the alveolar region, i.e., the macroscopic alveolar region can be built by placing several regions like V next to each other. The fact that V is a REV of the alveolar region means that it contains all the necessary information for describing the physical properties of the alveolar region. Therefore, all constituents of the alveolar region must be represented in (or contained by) this REV.
The process of gas transport in the representative elementary volume is governed by the homogeneous diffusion equation written for the partial pressure of that gas, that is,
with the effective diffusion coefficient D eff (see Appendix A). Self-sufficiency of the REV allows us to impose the boundary condition of the REV being impermeable to the gas in question, that is, to require the mass flux through the REV boundary to be zero. Also, the red blood cells (RBC), distributed by random within the REV, are modelled as internal sinks of the gas, and consequently, can be viewed as another boundary condition of the gas partial pressure being always zero at the RBC's sites.
Therefore, the separation of variables can formally be applied to the homogeneous diffusion equation (18) if the two homogeneous conditions mentioned above are imposed and the initial condition requires a constant value of the partial pressure, P(x, 0) = P 0 . Then, the partial pressure is assumed to be the product of a transient and a spatial function, that is, P(x, t) = G(t)F(x). Upon substituting this into eqn. (18), the latter becomes
Division by the product D eff FG leads to the separation of variables
where the left-hand side depends on the time variable only, whereas the right-hand side is dependent only on the spatial variables, and consequently, both parts must be equal to a certain constant −λ 2 , where the minus sign is chosen lest the conservation www.witpress.com, ISSN 1755-8336 (on-line)
of mass in the course of diffusion be violated. Thus, instead of the diffusion equation (18), we now have two equations: the first is the Helmholz equation
written for the spatial function, and the second one being a first-order ordinary differential equation
for the transient part of the partial pressure. The general solution of eqn. (22) G
predicts an exponential decay of the partial pressure with time.
The solution of the Helmholz equation for the spatial function F can, in general, be written in terms of the generalised Fourier series, that is,
where ϕ n and ϕ m are a pair of orthogonal functions. Coefficients A j , B j , and λ are to be found from the boundary conditions and depend on the RBC distribution as well as on the REV shape. Hence, the global solution for the partial pressure within a chosen REV is given by
where
must hold in order for the initial condition to be satisfied. Now, we are interested not in the spatial distribution of the partial pressure but in the transient behavior of the partial pressure averaged over the entire REV. Thus, integrating eqn. (25) over the REV, the expression for the volume-averaged partial pressure follows as
where constant k depends on the boundary conditions and P 0 ≡ P 0 . Finally, it becomes clear that the lung-diffusing capacity, D L , must be directly proportional to the effective diffusion coefficient, D eff . Indeed, the lung-diffusing capacity is defined as
Upon dividing eqn. (27) by P 0 and taking logarithms of both parts,
Comparing eqns. (27) and (28), it follows that
where the constant product kK depends upon the boundary conditions imposed. The same result can be obtained from the lumped-capacity model (see Appendix C).
Numerical simulation of alveolar diffusion

Steady-state case
Consider now the use of the steady-state version of eqn. (18), namely 0 = ∇ 2 P , to simulate the diffusion of CO within a three-dimensional domain representing the alveolar region. Observe that the simulation of the steady-state regime does not require knowledge of the effective diffusivity. For simplicity, the domain of interest is chosen as a cube of side L (all lengths are nondimensionalized using L, therefore, the nondimensional cube side equals unity). An equally spaced orthogonal computational grid is uniformly distributed within the cube. The sides of the cubic domain represent the outer boundary of the alveolar region where the boundary condition P = P b is imposed (in the present case P b is set equal to 133.3 Pa, or 1 Torr, the characteristic CO partial pressure value used in experiments for measuring the lung-diffusing capacity).
The red blood cells are simulated by selecting a random distribution of sites (nodes) within the numerical grid and setting the partial-pressure value at these sites equal to zero, i.e., P = P h = 0. This approach is equivalent to considering the red blood cells as infinite sinks of CO. The only parameter controlling the red blood cell site distribution is the red blood cell (RBC) density, ρ. This parameter represents the relative volume within the cube, occupied by the red blood cells,
where N and N RBC are, respectively, the number of available sites within the domain and the number of sites occupied by RBCs, v c is the volume of one site (in the present case all sites have the same representative volume), V RBC is the total volume occupied by the RBCs and V is the total volume of the domain. For a given density value, 0 ≤ ρ ≤ 1, the number of RBC sites inside the domain is calculated as N RBC = ρN . Observe that the sites placed along the surfaces (boundary) of the cube are unavailable for RBCs, and are therefore not counted in N . The diffusion equation was discretized using central-differences and solved using the S.O.R. technique with ω = 1.6, which provides the minimum amount of iterations for convergence. Numerical convergence was determined when the maximum www.witpress.com, ISSN 1755-8336 (on-line) deviation, between consecutive iterations, of the partial pressure among all nodes becomes smaller than 0.001. A 25 × 25 × 25 grid was tested against a 50 × 50 × 50 grid showing less than 0.1 per cent maximum variation in the local partial-pressure values for the same red blood cell density ρ. The equation was solved numerically for several ρ values.
For each ρ value, a volume-averaged partial pressure P v was computed as
where P i is the partial pressure value at each node within the domain. Also calculated was the magnitude of the total surface partial-pressure gradient,
where the summation is done over all surface nodes of the domain. The surface pressure gradient of eqn. (32) is computed numerically via an algebraic representation. Fundamentals of Alveolar Gas Diffusion 45
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where δ = 1 + ρ, and λ = (1/ρ) 1/3 . Observe that the average distance between RBC sites equals λ(V /N ) 1/3 , a result following from the normal random distribution of RBCs within the domain. From Fig. 5 , the value of ρ * is 0.1646, for a maximum deviation of 7% between numerical results and the results predicted by eqns. (33) and (34). Figure 6 presents the results of the surface partial-pressure gradient ∇ P s versus the RBC density ρ. The curve fit equations in this case are
That P v and ∇ P s depend on λ is no coincidence: the diffusion process inside the domain is strongly related to the average distance between RBCs.
The distinct behavior observed in both graphs of Figs. 5 and 6 as ρ varies illustrates an interesting phenomenon. As the RBC density increases, more and more sites inside the domain are set to behave as infinite sinks. Observe that with enough sites selected as RBC sites (high red blood cell density) it might occur that one particular RBC site is surrounded by other sites also occupied by red blood cells. In this case, the surrounded site has no effect on the diffusion capability of the domain because it does not participate effectively in the diffusion process because the CO is not allowed to reach this site. The same can be said of a regular site that happens to be surrounded by RBC sites. In both cases, the RBCs isolate the interior sites from the diffusion process.
One can then recognize a change in the diffusion behavior as the RBC density increases. The diffusion process seems to switch from a disperse type, when the RBCs do not interfere with each other, to a concentrate type when the RBCs are close enough to each other to compete for the available gas. In this case, as the RBC density increases further, the RBCs near the surfaces of the cube build a shield depleting the interior of the cube of gas diffusing from the boundary. The RBCs placed further from the boundary of the domain then participate less effectively in the diffusion process. The previous observation might explain why the RBC density within the alveolar region is relatively small (approximately 3%, assuming a septum density of about 15%, of which 50% is capillary blood with 45% hematocrit). If the RBC density in the alveolar region were high, the RBCs in the interior of the domain would be progressively shielded from the gas. This observation holds true also in the diffusion of O 2 (in a less dramatic way because the RBCs would not be infinite sinks in this case).
The fact that the ρ threshold value for transition from dispersed diffusion to concentrated diffusion of P v (ρ ∼ 16%) is smaller than the threshold value of ∇ P s (ρ ∼ 25%) has to do with their dimensional hierarchy: ∇ P s is a surface quantity and, therefore, less sensitive to the switch in the diffusion process than P v , a volume quantity.
The disperse-concentrate diffusion transition phenomenon is visualized more clearly by considering the partial-pressure distribution within the domain. See in Figure 7 : Isosurface distribution P = 0.10 for ρ ≤ 0.1. The RBC sites are far from each other (dispersed) when the RBC density is small, e.g., ρ ≤ 0.01. As the RBC density increases, the sites tend to cluster closer together (concentrated) and a shield starts to form, starving the interior cells of the gas coming from the boundaries of the domain, see ρ = 0.075. Fig. 7 , for instance, where the P = 0.10 isosurface is shown for various RBC density values. Observe that the RBC sites are far from each other (dispersed) when the RBC density is small, e.g., ρ ≤ 0.01. As the RBC density increases, the sites tend to cluster closer together (concentrated) and a shield starts to form, starving the interior cells of the gas coming from the boundaries of the domain, see ρ = 0.075. The sites placed within the center of the domain become more and more shielded by the RBC sites placed near the surfaces of the domain. This effect becomes more evident in Fig. 8 where results for a RBC density greater than 0.20 are presented. One can conclude then that for a RBC density beyond 0.20, the diffusion process becomes increasingly dominated by the large number of red blood cells near the surfaces of the domain. Not much happens at the interior of the domain, with the gas having a small chance of reaching the RBCs placed in there. Note, for a density equal to 0.90, that the isosurface with partial pressure equal to 0.10 is almost perfectly parallel to the surfaces of the domain.
Consider now Fig. 9 where several isosurfaces are plotted for the case of RBC density equal to 0.5 per cent. The RBC distribution is clearly a concentrated distribution in this case.All red blood cell sites seem to interfere with each other only at a very high partial pressure level ( P ∼ 0.90). Even at P = 0.70 one can still identify individual red blood cell sites. Increase the RBC density to 1%, 5% and 10% (see Figs. 10, 11 and 12, respectively) and notice how the interference phenomenon starts to take place at lower P levels, respectively, P ∼ 0.70, P ∼ 0.50, and P ∼ 0.30. There is not much difference between the isosurfaces P > 0.50 for a RBC density equal to 20 per cent, and 90 per cent, shown respectively in Figs. 13 and 14. This is in accord with the previous observation that for ρ > 0.20 the diffusion process is dominated by the red blood cells near the surfaces of the domain.
Transient case
Consider now the transient diffusion equation (18) valid for the REV domain, namely
Recall that eqn. (37) can not be solved without knowledge of the lung effective diffusivity, D eff . However, using the steady version of the diffusion equation, ∇ 2 P = 0, an estimate for D eff can be found as detailed in the previous section. This estimate can be used with eqn. (37) to simulate the transient regime (singlebreath test). To exemplify the simulation of the transient regime, the D eff value obtained as described in the previous section for RBC density equal to 0.034 and D L equal to 17 ml CO /(min mmHg), is then used in the discretized version of eqn. (37), which is solved numerically for the same domain and with the same grid as before. The boundaries of the cube, in the transient simulation case, were assumed to be insulated, and the initial value P 0 = 133.3 Pa (1.0 Torr) was set everywhere inside the domain, save for the nodes occupied by red blood cells, where P was set as equal to zero for the entire simulation time. This configuration of initial and boundary conditions mimics the conditions of the transient single-breath technique used in the laboratory for measuring the lung-diffusing capacity (Comroe et al [4] , p. 122).
Let us recall that the single-breath technique consists of having a subject inhaling a certain gas mixture with a low concentration of CO, and exhaling it after ten seconds. During this time, CO will diffuse from the alveolus region to the RBCs. The ratio between the volumetric amount of CO absorbed per unit time and the difference between initial and final CO partial pressures provides a measure of the lung-diffusing capacity.
The volume-averaged partial pressure of CO within the entire domain, P v , was computed at each time step of the numerical experiment, and plotted versus time as presented in Fig. 15 . Now, reconsidering eqn. (17) and the numerical results of P v (t), it is possible to calculate the lung-diffusing capacity of the system. This calculated value is not From the model considered here, the value of D eff for which the condition D num L = D L becomes true to within one per cent, is found to be 2.68 × 10 −7 m 2 /s. Observe that this value differs from the effective diffusivity value obtained from the steady-state simulations, namely 9.4 × 10 −8 m 2 /s, by almost a factor of three.
Red blood cell clustering and chain effects
With a determined value of D eff , it is now possible to simulate the transient diffusion for a domain with different RBC distributions. Keep in mind that the RBC density ρ is to be kept constant, because the effective diffusivity changes with ρ.
Hence, utilizing the same cubic domain with RBC density equal to 3.4%, three new RBC distributions are considered, namely, uniform, center-clustering and corner-clustering. The first configuration is obtained by distributing all the RBCs equally spaced within the domain. The resulting time evolution of the partial pressure for this case is shown in Fig. 15 , next to the result for the normal distribution.
The clustering configurations consist of distributing the available RBC starting from the center node (in the case of the center-clustering distribution) or from a corner node (in the case of the corner-clustering distribution), and placing the RBCs next to each other, forming a cubic cluster. A comparison between the volumeaveraged partial-pressure evolution with time of the clustering configurations is shown in Fig. 16 .
The transient numerical simulations yield, as the lung-diffusing capacity of uniform, center and corner clusterings, the values 17.7 ml CO /(min mmHg), 1.78 ml CO /(min mmHg) and 0.95 ml CO /(min mmHg), respectively. In comparison with the lung-diffusing capacity of 17 ml CO /(min mmHg), obtained from the normal RBC distribution, the D L value from the uniform distribution is slightly higher. In fact, it is not difficult to conclude that the uniform distribution must yield the highest lung-diffusing capacity, being the most efficient distribution. The two clustering results, however, show radical reductions in D L . This is not at all unexpected, because the clustering of RBCs leads to a similar shielding effect observed during the simulations of the steady-state model. Therefore, the RBCs become less effective as sinks when clustered. Finally, the corner-clustering configuration has a performance below the performance of the center-clustering distribution because some of the RBCs are placed adjacent to the boundary of the domain, then without access to CO.
It is important to keep in mind at this point that the macroscopic model is useful only when the lung-diffusing capacity is known for a certain domain. This is because the model allows the determination of the equivalent effective diffusivity of the domain, as shown previously. In the following chapters, an attempt is made www.witpress.com, ISSN 1755-8336 (on-line) to create a methodology to determine the effective diffusivity of the alveolar region independent of the lung-diffusing capacity. When this is accomplished, the macroscopic model can be used then to determine the equivalent lung-diffusing capacity. This quantity can then be independently compared to laboratory measurements for model verification.
Somewhat surprising is the strong effect of cluster location on D L . The cornerclustering configuration yields a low diffusion performance (lower than the centerclustering performance) because the RBC cluster is placed adjacent to the corner boundary of the domain. That is, three out of the six cluster boundaries are left without access to CO. Therefore, one would expect that D L-cec /2 ∼ D L-coc , a prediction confirmed approximately by the numerical results.
Obviously, one can expect the lung-diffusing capacity to vary between D L-cec and D L-coc if the same cluster is placed anywhere else in the domain. Moreover, it is believed that the corner cluster provides the worst possible red-cell distribution configuration, yielding a lower bound value for the lung-diffusing capacity. Assuming the D L value for uniform red cell distribution as an upper bound value, the effect of red-cell distribution on D L then spreads itself within a range from 0.99 to 17.9 ml CO /(min mmHg).
A different red-cell distribution, called chain-type, is also investigated. The chain is formed by placing the red cells consecutively along a line in the domain, following a random path. Therefore, each red cell has at least one neighboring red cell. The starting point of the chain varies from the center to one of the corners of the domain, along one of the diagonals (see top-right section of Fig. 17) . A halfchain distribution refers to a chain having the first cell placed half-way between the center and the corner of the domain. A quarter-chain distribution refers to a chain having the first cell placed a quarter of the half-diagonal length from the corner of the domain. Results of the volume-averaged partial-pressure evolution in time are summarized in Fig. 18 .
Amazingly enough, the chain distributions yield similar lung-diffusing capacity coefficients (see Table 1 ), distinct from what was observed when comparing the lung-diffusing capacity of clustering distributions. It seems as if the starting location of the random chain is irrelevant to the lung-diffusing capacity. It is possible, for this type of distribution, that the distance between red cells is a predominating factor.
Trying to quantify the location-versus-distance effect of the red-cell distribution, we devised two geometrical parameters to help characterize each distribution. The geometrical significance of these two parameters is better understood considering the simplified two-dimensional sketch shown in the lower-right section of Fig. 17 . One of these parameters is the distance between the geometrical center of the redcell distribution, defined by the coordinates (X c , Y c , Z c ), and the center of the domain at (X 0 , Y 0 , Z 0 ). The coordinates of the geometrical center of the red cell distribution are found from Fig. 17 ). D L-n is the lung-diffusing capacity of normal RBC distribution; s is the half-length of the diagonal of the alveolar domain (see Fig. 17 ). where (x i , y i , z i ) are the coordinates of each red cell, and N is the total number of red cells in the domain. Hence, the distance to the center of the domain is simply,
The other geometrical parameter characterizing the red-cell distribution is the effective radius of the red-cell distribution, r, computed as the average distance from the geometric center to the red cells,
where,
One can see in Fig. 17 the representative distance d and radius distribution r for the two red cells shown in the figure. A large d -value indicates the cell distribution is far from the center, hence, close to the boundaries where the diffusion process is less effective. A small r-value indicates the red cells are close together, maybe forming a cluster, also leading to a less-effective diffusion configuration. Hence, d and r are, in principle, two good candidates for quantifying the sensitivity of the lung-diffusing capacity to red-cell distribution.
Values of d and r normalized with respect to the diagonal half-length of the domain, and values of D L for each red-cell distribution normalized by the normal D L value are summarized in Table 1 . Observe first that the uniform and centerclustering distributions are not perfectly centered in the domain. This is because Based on these observations, the normalized lung diffusion values presented in Table 1 are plotted versus the normalized radius of distribution, shown in Fig. 19 . The straight line is a polynomial curve fit, namely
Observe that the numerical results are within 15 per cent (error bars are also depicted in Fig. 19 ) of the results predicted by eqn. (42) -a deviation effect attributed to the parameter d not being accounted for in eqn. (42).
Impact of microscopic solid particles on the alveolar diffusion
The presence of foreign particles in the breathing air can have detrimental (causing respiratory diseases such as asthma, emphysema) or beneficial (curing diseases by www.witpress.com, ISSN 1755-8336 (on-line) inhaled medicine) effects. When reaching the alveolar region of the lungs, foreign particles will eventually affect the lung-diffusing capacity, irrespective of their overall (positive or negative) effect on the respiratory process. The present section is based on some preliminary analysis, via numerical simulations, presented in the preceding section. The objective of this section is to investigate how the presence of foreign particles in the alveolar region of the lung affects the lung-diffusing capacity. This is accomplished by simulating numerically the gas-diffusion process during a single-breath, lung-diffusing capacity test, routinely performed in clinical settings.
Microscopic foreign particles were incorporated into the model that was described in detail in the preceding section.
The particles present within the representative elementary volume were considered microscopic (of a negligible size) and, thus, one particle occupied a single node of the computational grid. Therefore, there were two kinds of occupied nodes in the domain: firstly, the nodes occupied by the red blood cells, and secondly, the nodes occupied by the microscopic foreign particles. While the boundary condition of zero partial pressure of CO was imposed on the nodes belonging to the first class, the boundary condition of zero flux of CO was imposed on the nodes of the second class. Note here that, because the nodes occupied by the particles are considered as being "boundary" nodes (in the same way as the nodes occupied by the red blood cells), the value of the effective diffusivity was not affected by the presence of the particles within the domain (in the same way as it was not affected by the presence of the red blood cells).
The described scheme was used to simulate the gas diffusion inside the representative elementary volume of the alveolar region at different values of microscopic foreign particles concentration, C, namely, 0.01, 0.02, 0.034, 0.05, 0.10, 0.20, 0.30, 0.40, 0.50, 0.60, and 0.70. The average partial pressure of CO was determined after ten seconds for each value of particle concentration, with the results presented in Fig. 20 .
Then, using the definition of the lung-diffusing capacity for a clinical singlebreath test, eqn. (17), the lung-diffusing capacity of the system with foreign particles was calculated for each particle concentration. The result is shown in Fig. 21 .
In addition, the effect of particle clusters has been investigated. The clusters of microscopic foreign particles were generated within the computational domain according to the Poisson distribution
where the parameter k is the average number of particles per cluster; w(n; k) is the probability to have a cluster of n particles for a given average number of particles per cluster k. The total concentration of particles within the domain, C, was set at 0.05, 0.10, 0.20, 0.30, 0.40, and 0.50. For each of these values, the average number of particles per cluster, k, was set at 1, 2, 3, 4, 5, 6, and 7. Using eqn. (17), the lung-diffusing capacity was determined in each case. Figure 20 shows the time evolution of CO partial pressure in the course of the single-breath transient simulation for the case of different values of the particle concentration (single particles only; there are no particle clusters in the domain).
As seen from the figure, the value of the partial pressure increases nonlinearly with the increase of the particle concentration. The corresponding values of the lung-diffusing capacity are shown in Fig. 21 .
An interesting observation can be made by considering Fig. 21 . It is clearly seen that the behavior of the curve changes at the value of concentration C = 0.12. The same effect was observed when different values of the red blood cells concentration were considered (see the preceding section). What is even more interesting is the prediction made by Wijayanto et al [20] (see also Chap. 5 of this book). It has been shown that the value C = 0.12 corresponds to the maximum value of concentration to be achieved in the alveolar region during a single respiration cycle, if the value of concentration at the entrance to the trachea is equal to unity. The effect of particle clustering on the lung-diffusing capacity is shown in Fig. 22 . From Fig. 22 , it is possible to see that the value of the lung-diffusing capacity decreases monotonically with increased particle concentration. The effect of the particle clustering can be clearly observed from the figure: the value of the lungdiffusing capacity steadily decreases as the average number of particles per cluster increases. One can see, however, that, as the average number of particles per cluster increases, the effect on the lung-diffusing capacity becomes less pronounced. This can be explained by the fact that the larger the number of particles per cluster the more particles are shielded from participating in the diffusion process. This, in turn, leads to the lung-diffusing capacity value becoming less sensitive to the clustering effect.
Nevertheless, it is necessary to bear in mind that, as the average number of particles per cluster increases, more red blood cells become screened from the gasexchange process. Hence, the absolute amount of CO remains large at the end of the single-breath test (see Fig. 20 ). Therefore, although values of the lung-diffusing capacity may remain large enough, the dose of CO obtained during a single respiration cycle becomes larger as the average number of particles per cluster increases. Thus, the effect of intoxication by CO may take place (this effect is quantified in Chap. 6 of this book). Exact values of the lung-diffusing capacity corresponding to different values of particle concentration and particle clustering are given in Table 2 .
In an attempt to quantify the effect of particles on the lung-diffusing capacity, it is possible to propose the following empirical relationship that fairly well describes the effect observed in the course of numerical simulations: where C is the particle concentration and k is the average number of particles per cluster. Thus, it has been shown how the presence of microscopic solid particles in the alveolar region affects the lung-diffusing capacity and, consequently, the overall lung performance.
The effect of the particles clustering on the lung-diffusing capacity has also been investigated. It has been found that particle clustering moderately affects the value of the lung-diffusing capacity. However, due to the particles' presence, more red blood cells become shielded from the gas-exchange process that leads to a larger amount of CO accumulated in the alveolar region. This may lead to a more pronounced intoxicating effect.
In addition, an attempt was made to quantify the effect of the particles' presence on the lung-diffusing capacity. An empirical relationship for doing so has been proposed (eqn. (44)).
Visualization of the results
Bearing in mind the extreme geometrical complexity of the domain in question and the complexity of the solution itself, it becomes crucial to be able to visualize the results. Such an attempt is presented in this section.
Volume visualization has been used for rendering when simulating the respiration process. The visualization of the model has been done with the free-ware software VolPack (The VolPack Volume Rendering Library). VolPack is a portable software library for volume-rendering based on the fast volume-rendering algorithms (Lacroute and Levoy [11] ).
Based on this library, we developed the software, which makes computer animation from the key-frame volume data calculated during the simulation. The software lets us interpolate the in-between frames, manipulate the volume on the screen with time-dependent affine transformations (rotation and zooming), and control the visual appearance of the volume (color and opacity). While the simulation software runs on a personal computer, the volume visualization subsystems runs on an SGI workstation remotely so that the resulting movie file can be downloaded back to the PC for further post-production processing. The user may either control the process of rendering visually, or run it in the batch mode. Several video files for different RBC distributions have been created for this project (see Fig. 23 ). The streaming video versions of them are available on-line at http://www.ntu.edu.sg/home/assourin/Scivi.htm.
The first row of snapshots in Fig. 23 represents the results obtained in the case of the random distribution of the red blood cells within the domain. The second and third rows represent the center-and corner-clustering cases, respectively; whereas the fourth row exemplifies the results obtained for the chain distribution. By comparing the four cases, one can clearly see that, in terms of the diffusion efficiency, the first and last cases are much more effective than the clustering cases. This can be explained by the presence of the so-called shielding effect. Indeed, when the red blood cells form clusters, those red blood cells that are nearer the center of the cluster become partly or totally excluded from the gas-exchange process. Hence, this process goes slower or, in other words, is less effective. It can be seen from the figure that the normal distribution is the most efficient one. This is not surprising because almost no screening effect is present in this case.
It is noteworthy to point out here that a simple visual analysis of the results leads to the same conclusions that were drawn in the first section of this chapter after analyzing the results analytically. This proves that visualization is a very powerful analysis tool. Figure 24 presents a detailed view of the snapshots obtained upon visualizing the results corresponding to the case of the normal (random) distribution of the red blood cells within the alveolar region.
From Fig. 24 , one can clearly see that the diffusion process in the case of the randomly distributed red blood cells goes very fast: almost no carbon monoxide remains in the representative elementary volume at the middle of the test. Looking at the first row in the figure, one can see the distinct granular structure on the snapshots. This may serve as a measure of how many separate red blood cells participate in the gas-exchange process. Since almost all red blood cells in this case stay far from each other, all of them suck CO effectively, so that no shielding effect takes place.
Note here that the snapshots corresponding to the uniform distribution of the red blood cells are not presented: the picture obtained is indistinguishable from the picture corresponding to the random (normal) distribution (Fig. 24) . Both distributions have about the same effectiveness and their effect looks similar. This was explained in detail in the first section of this chapter. Figure 25 presents a detailed view of the snapshots obtained upon visualizing the results corresponding to the case of the central clustering of the red blood cells within the alveolar region.
The effectiveness of the diffusion process in this case is very low. This can be seen by comparing the second and fourth rows in the figure: almost no difference in the snapshots is observed.
The diffusing strength of the center cluster is not enough even to remove the test gas (carbon monoxide) from the corners of the representative elementary volume. The figure clearly shows that the gas exchange takes place mainly in the near vicinity of the cluster, so that the space freed from CO (the white spot on the snapshots) does not noticeably expand in the course of the test. The result is similar to that observed in Fig. 25 , except that, in this case, the red blood cells form the cluster in the front-upper corner of the representative elementary volume. This circumstance leads to an even lower effectiveness of diffusion that characterized the case of the center clustering. Indeed, fifty per cent of the red blood cells that form the boundary of the cluster are now excluded from the diffusion process (unlike in the previous case, where all the boundary cells participated in the gas exchange) (see the first section of this chapter for details).
Figure 27 presents a detailed view of the snapshots obtained upon visualizing the results corresponding to the case of the chain distribution of the red blood cells within the alveolar region.
The same granular structure that was observed in Fig. 24 can be seen on the two first snapshots of Fig. 27 . Yet the linear patterns become pronounced starting from the second row of the snapshots.
It can be clearly seen from the figure that the chain distribution is much more effective than the two clustering distributions considered previously. However, the effectiveness of the chain distribution is lower than the effectiveness of the normal (random) distribution of the red blood cells. This is because each red blood cell in the chain distribution has at least two neighbors that screen it partly from access to CO, whereas the probability to have neighbors in the case of the random (normal) distribution is much lower (see the first section of this chapter for details).
Volume visualization proves to be useful for presenting the results obtained from direct single-breath test measurements or their numerical simulations. By the use of volume visualization, one can have a clearer picture of the lung performance in general and of the abnormalities of the diffusion process in particular. Volume visualization allows one to have an overall picture of the process that is impossible to have otherwise.
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There is a hope that volume visualization of the microscopic gas exchange will become a powerful tool for pronouncing preliminary judgment on respiratory abnormalities. It is believed that further developments in this area may become useful for early diagnostics of obstructive respiratory diseases in different classes of patients.
Appendix A: Porous medium alveolar model
Consider a volume in space representative, from a statistical point of view, of the alveolar region of the lung. The main structures (constituents) of this porous region are (see Fig. 4 ): the alveolus or gas region (a), the alveolus membrane (m), the interstitial fluid region (f ), the capillary membrane (c), the plasma region (p), the red blood cell membrane (r), and red blood cell interior (h).
In treating the gas transport within the alveolar region, it is usual to lump regions m, f , c, and p into one single representative region, denominated here the tissue region (t), mainly because these constituents have comparable molecular gas diffusivities (Hsia et al, [8] ). Moreover, the intricacies of the chemo-biological process within the red blood cell are avoided by considering a certain gas concentration (or partial pressure) uniformly distributed within h. The gas-diffusion transport is then driven, in principle, by a concentration imbalance between the gas concentration along the outer boundary of the alveolar region and the gas concentration within each red blood cell.
The microscopic equation modeling the gas-diffusion transport within each alveolar constituent, can be written as:
where c is the representative concentration of solute (gas), j is the flux of solute into the medium (e.g., air mixture), and S is a source of solute (negative if sink). Considering a Fikian-type diffusion, the flux is related to the local gradient of gas concentration as
where D is the molecular diffusivity of solute into the solvent (D accounts also for the solubility of the gas in a nongaseous medium, e.g., within the tissue region). Equation (A.2) can be written in terms of the gas partial pressure, P (instead of gas concentration), by using the ideal gas law: P = c(RT /M ), where R is the universal gas constant, T is the temperature of the gas, and M is the molecular mass of the gas. The partial-pressure-based diffusion equation equivalent to eqn. (A.2) is
Substitution of eqn. (A.3) into eqn. (A.1), with (DM/R) considered invariant in space and using the ideal gas law, leads to
In the case of isothermal diffusion, as within the alveolar region of homeotherms, eqn. (A.4) simplifies to
For a region with no source or sink, S = 0, and the groups M/TR cancel out. Considering now the three-constituent model of the alveolar region (i.e., alveolus (a), tissue (t), and red blood cell membrane (r)), one can write the equation and boundary conditions valid for each constituent in terms of the gas partial pressure. For the alveolus a-region:
where P a and D a are the partial pressure and the molecular diffusivity of the gas within the alveolus region. This equation can be solved with an appropriate initial condition and boundary conditions P a = P 0 along A 0a , where P 0 is a representative partial-pressure value along the outer boundary surface area A 0a of the alveolus, and P a = P t along the interface A at between the alveolus and the tissue regions. For the tissue region:
where P t and D t are the partial pressure and the equivalent diffusivity of the gas within the tissue region, respectively. Boundary conditions in this case are P t = P r along the interface area A tr between the tissue and the red blood cell membrane regions, and
Equation (A.8) represents a balance of gas flux across the alveolus/tissue interface surface area A at , with normal unit vector n at .
For the red blood cell membrane region: where P r is the gas partial pressure within the red blood cell membrane region, and D r is the molecular diffusivity of the gas in the red blood cell membrane. Boundary conditions in this case are
representing a balance of gas flux across the tissue/red blood cell membrane interface surface area A tr with normal unit vector n tr . The second and final boundary condition is P r = P h along the interface area A rh between the red blood cell membrane and the red blood cell interior region. In general, P h is not known. However, when simulating the diffusion of CO within the lung (CO is the gas used in clinical tests to determine the lung-diffusing capacity), the partial pressure of CO within a red blood cell can be assumed zero, because the red blood cells behave effectively as an infinite sink for CO (Comroe et al [4] ).
Equations (A.6)-(A.10) with boundary conditions and appropriate initial conditions, can be used to simulate the diffusion process within the alveolar region. The difficulty is the need to describe (locate) precisely the region occupied by each constituent and the related interface surfaces. To circumvent this difficulty, one might consider a certain volume V of the alveolar region with representative dimension d , where d is much smaller than L (the characteristic length of the alveolar region within the lung), much larger than d a (the characteristic alveolus dimension inside V ) and t c (the characteristic capillary bed thickness inside V ), and much larger than t r (the characteristic red blood cell membrane dimension).
As defined, V is a representative elementary volume (REV) of the alveolar region. The alveolar region can be built by placing several regions like V next to each other. The fact that V is a REV of the alveolar region means that it contains all the necessary information for describing the physical properties of the alveolar region. Therefore, all constituents of the alveolar region must be represented in (or contained by) this REV.
Inside this REV, there can be many alveoli and a long capillary bed with several red blood cells. Because the pore-level (alveolus-erythrocyte level, or microscopic level) solution of the diffusion equation within such a medium seems impractical at the moment, a model that predicts the diffusion process inside the alveolar region at the REV level is now considered.
The model in question is developed by applying the method of volume averaging (Carbonell & Whitaker [3] , Nozad et al [13] , Whitaker [19] ) to transform the effects of the internal geometry of the alveolar region from a microscopic level to a macroscopic representative elementary volume level (REV-level). This transformation does not come free: the mass-transfer interaction at every interface surface area between constituents within a REV must be accounted for and modelled.
Let us initially define an intrinsic average of the partial pressure P i as where V i is the volume within V occupied by constituent 'i' ('i' can be the alveolus a-region, the tissue t-region or the red blood cell membrane r-region). Now write P i = P i +P i , whereP i is the space (within V ) variation of P i from the volumeaveraged value P i . After integrating eqns. (A.6), (A.7) and (A.9) within V , one obtains, respectively,
(A.14)
Equations (A.12), (A.13) and (A.14) are the REV-averaged diffusion equations for alveolus, tissue, and red blood cell membrane regions, respectively. Now, all three equations are added term by term keeping in mind that: V a + V t + V r = V , and, n ij = − n ji . The resulting equation, simplified further by invoking the equilibrium assumption, i.e., P a = P t = P r = P (where P is the representativeeffective -partial pressure within V ), andP i =P j (along A ij , where 'i' and 'j' can be a, t, or r), is
The difficulty in applying eqn. (55) for modeling the diffusion process still lies on describing precisely the location of the interface surface areas A at and A tr . We proceed with a closure constitutive equation for the perturbation termP, namely
where d i is a pseudodiffusion coefficient (a tensor, in general), considered here to be uniform and isotropic. Note that the form of the closure, eqn. (16), proposed by Nozad et al (1985) when modeling heat conduction in porous media, is similar in scope to the eddy-diffusivity concept used in modeling turbulence (i.e., a pseudodiffusivity can be defined as the ratio between the fluctuating quantity and the www.witpress.com, ISSN 1755-8336 (on-line) gradient of the related average quantity). Substituting eqn. (A.16) into eqn. (A.15) and after rearranging the terms:
where D eff is the effective mass diffusivity coefficient of the REV, formally defined as
Observe that once D eff is known, eqn. (A.17) is easily solved by applying a suitable initial condition (in terms of P ) and boundary conditions, for instance, P = P 0 along the outer surface of the alveolar region, and P = P h within the region occupied by the red blood cells inside the alveolar region of the lung.
One does not need to know the effective diffusivity of the alveolar region when considering a steady diffusion process. In this case, eqn. (A.17) reduces to the Laplace equation in P . This detail is explored in section 1.6.1, where the numerical simulation of the steady diffusion process in an alveolar region is discussed.
Appendix B: Relationship between the lung-diffusing capacity and the effective diffusion coefficient of the alveolar region: unifying theory
The lung-diffusing capacity D L , measured in the laboratory (using CO) and available in the literature (Comroe et al [4] , pp. 117-133), is defined as
where V
• is the volumetric gas flow rate crossing the outer surface of the alveolar region (gas uptake) and P 0 is the mean alveolar partial pressure of CO. It is easy to verify that the volumetric flow rate is related to the absolute value of the mass flux j s crossing the boundary (surface) of the domain, via
where A s is the total surface area through which j s flows. Eliminating V [4] , p. 121 -the diffusion process during measurement is still inherently unsteady because of the periodicity of the respiration process.)
On the other hand, if D eff is known, one can, for instance, change the form of the domain or the RBC distribution (keeping the same red blood cell density), find the ∇ P s value for the new configuration, and then use eqn. (B.3) to determine the corresponding D L of the new domain. In this way, one can now anticipate (predict) the effect on D L of a certain change in the morphology of the alveolar region.
Appendix C: Lumped-capacity approach to the alveolar diffusion
The Krogh equation can be derived from a lumped-capacity approach to the diffusion process inside the alveolar region (Comroe et al [4] , p. 351). (Observe that the hint for exploring a lumped-capacity approach emanates from the time evolution of P v being exponential, as illustrated in Fig. 15.) To derive the Krogh equation from the lumped-capacity approach, consider the alveolar region as a closed impermeable system of volume V A , filled with a gas having a certain concentration of CO. The volumetric rate of CO being depleted (sink) from inside this system, expressed in terms of the lung-diffusing capacity, is
(C.1)
Observe that P 0 in eqn. (C.1), in the case of a transient configuration, is in fact P v (t). Also recall that P h for the case of CO diffusion can be considered equal to zero. Now, the species concentration conservation law, assuming the gas concentration within the domain as uniform, requireṡ
whereṁ CO is the CO depleting mass flow rate and c v is the volume average of the macroscopic gas concentration within the domain. . This means that it takes approximately 25 seconds for the volume-averaged partial pressure of CO (or concentration) in the lungs to be reduced to 37.3 per cent of the initial value. Note that using the diffusion and solubility laws (Comroe et al [4] , p. 350), it is possible to show that the lung-diffusing capacity of oxygen is about 1.23 times the diffusing capacity of carbon monoxide. Therefore, the characteristic time for diffusion of oxygen is approximately equal to 20 seconds.
Observe how the solution of eqn. (C.6) leads to an exponential decay of P v with time. The lung-diffusing capacity can be obtained easily from the numerical results (Fig. 10) , via
During clinical single-breath tests, eqn. (C.7) is used for determining the lungdiffusing capacity considering the alveolar volume V A as equal to the inspired volume plus the residual lung volume.
It is easy to determine a condition for the validity of the lumped-capacity approach by considering the definition of the lung-diffusing capacity as equivalent to the definition of the mass-transfer coefficient from Newton's law of cooling. In this regard, one hasṁ 
where is a representative (scale) diffusion length for the diffusion in the global (Krogh) domain and A is the representative area of the alveolar region (a good candidate for this area would be the surface area of all RBCs inside the domain). Therefore, the equivalent resistance R D eff is RT /(AD eff M ).
For the lumped-capacity approach to be valid, one would expect R D L to be larger than R D eff . Using eqns. (C.8) and (C.9), the criterion becomes 
